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Abstract 

A six-dimensional universe with two branes in the "football-shaped" geometry 
leads to an almost realistic cosmology. We describe a family of exact solutions with 
time dependent characteristic size of internal space. After a short inflationary period 
the late cosmology is either of quintessence type or turns to a radiation dominated 
Friedmann universe where the cosmological constant appears as a free integration 
constant of the solution. The radiation dominated universe with relativistic fermions 
is analyzed in detail, including its dimensional reduction. 

1 Introduction 

The cosmological constant problem is the question why the observed curvature of space- 
time is so much smaller (by 120 orders of magnitude) than the naively guessed gravita- 
tional scale. In higher dimensional theories, such as Kaluza-Klein theories or braneworlds, 
the total curvature can be divided into three parts: the four-dimensional (4D) cur- 

vature i?*-^-* of the visible universe, the curvature i?*-'^^ of internal space (the bulk) and a 
term for the warping. The total curvature is expected to be of the order of the funda- 
mental scale of the theory. In this context, the cosmological constant problem can be 
formulated in a different way: Why is only such a small part of i?^^^*^^ contained in i?*^^^? 

In this context Rubakov and Shaposhnikov noted ^ that in a six-dimensional pure 
gravity theory R^^^ is a free integration constant of the general solution and may have an 
arbitrary value, no matter how large i?'-®-* is. The same is true j2] in 6D Einstein Maxwell 
theory where two dimensions are compactified by magnetic flux The latter model 
does not share the singularities appearing in the Rubakov-Shaposhnikov model and has 
better stability properties [21 El El- Its geometry corresponds to the bulk of braneworlds 
(with codimension 2) which are extensively discussed today. The remaining question is 
then: why would a solution with very small i?*^^^ be selected? 
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A somewhat similar problem appears in standard four- dimensional cosmology. The 
total 4D curvature of the universe consists of two terms: the 3D curvature of the spa- 
tial hypersurfaces and the Hubble parameter H = ^ which measures the time depen- 
dence of these hypersurfaces and corresponds to the warping. Measurements of the CMB 
anisotropies show that the 3D curvature is almost zero, at least much smaller than the 
Hubble parameter. Standard cosmology implies then that this mismatch in scale between 
3D curvature and 4D curvature was even much more pronounced in the past. This raises 
the question: Why does the 3D curvature carry only such a small part of the total 4D 
curvature? In this case a dynamical solution to the problem is known: inflation. During 
inflation, the 3D curvature is exponentially driven to zero, while the 4D curvature is es- 
sentially given by the energy density and pressure of the infiaton, which remains almost 
constant. 

One may ask the question if the cosmological constant problem as stated above, i.e. 
the question why the 4D curvature carries only such a small part of the total higher 
dimensional curvature, may also have a dynamical solution. This could happen in two 
ways: The first possibility concerns solutions which approach asymptotically for large time 
a static and stable internal space and where the four- dimensional cosmological constant is 
a free integration constant of the general solution. A very small value of this constant may 
be favoured by the dynamics of the very early universe when the size and shape of internal 
space were strongly time- dependent and the stable solution with fixed small A4 could have 
been asymptotically approached. Such a scenario would be the analogue of inflation as 
discussed above. A second possibility is that the internal space remains time- dependent 
even at late times. This may lead to quintessence-type [S] effective four- dimensional 
cosmologies where the "dark energy" density becomes small and time-dependent by virtue 
of a cosmic attractor solution, independently of the parameters of the model and the 
integration constants of the solution. We will discuss both possibilities here, but restrict 
ourselves to a particular six- dimensional example. 

The cosmological constant problem in six dimensions has recently been discussed 
within the context of braneworlds [HI El IHl 13 CD]- In this paper we present new cos- 
mological solutions for the so-called "football shaped" model [6j. The two-dimensional 
internal space has axial symmetry and two equal conical singularities at the two poles, 
giving it the shape of an American football. It is stabilized by the magnetic flux of the 
six-dimensional gauge field. 

It is known that this model exhibits static solutions where the 4D cosmological con- 
stant appears as a free integration constant 0. In this paper we demonstrate that there 
exists at least one cosmological solution which approaches a given static solution asymp- 
totically. This holds for arbitrary values of the integration constants of the general static 
solution. Beyond earlier work we investigate the full time dependence of the volume of 
internal space and the 4D scale factor. We establish exact cosmological solutions of the 
6D field equations. 

The time-dependent size of internal space appears in four dimensions as a time- 
dependent scalar field which has substantial influence on cosmology. The shape of the 
corresponding scalar potential allows for a short period of inflation, a stable ground state 
with or without cosmological constant, or alternatively for a cosmology with exponential 
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potential quintessence. As a second difference to other worlc we do not postulate that 
the usual matter is so much constrained on the brane that it becomes "invisible" from 
the bulk. Instead we investigate "holographic branes" jlH] where the wave functions of 
all particles have a normalizable tail in the bulk, or even have a maximum there. This 
requires the size of the bulk to be small. In consequence, the "superheavy Kaluza-Klein 
modes" decay early in cosmology and play no role for the radiation or matter dominated 
late universe. 

This point of view surrounds all the recently discussed problems with co dimension-two 
branes and the cosmology appears to be quite realistic. Indeed, we find that the energy 
momentum tensor of the massless fermions or gauge fields generates a usual Friedmann- 
Robert son- Walker cosmology in the observed four- dimensional world. Together these 
features locate our solutions much closer to reality than the other approaches recently 
discussed. 

The paper is organized as follows: In section 2 we present cosmological solutions of 
6D Einstein-Maxwell theory with "football shaped" internal space of time-dependent size. 
From a four-dimensional perspective, this size appears as a scalar field whose potential 
is determined by the bulk physics. It has in general a minimum and a maximum, and 
we show that inflation as well as Friedmann cosmology can be obtained in this context. 
In section 3 we include fermionic matter, compute its energy momentum tensor and 
show how the radiation necessary for a Friedmann cosmology can be described in our 
six-dimensional context. In section 4, we present the effective four-dimensional theory, 
obtained by dimensional reduction. There are two massless U(l) gauge fields whose 
couplings depend on 0. In section 5, we present our conclusions. 



2 Cosmological solutions with two symmetric branes 

Six-dimensional Einstein-Maxwell theory couples the metric qab to a six-dimensional 
photon field Aa according to the action 

S = Jd'xV^!^-^R + X, + \F^^FABy (1) 

Here g = det qab, R is the six-dimensional curvature scalar, the mass scale Mq can 
be associated with a six-dimensional Newton constant Gq = (SvrMg)"^, Ag is the six- 
dimensional cosmological constant and the gauge field strength is given by Fab = QaAb — 
Ob A A- The field equations read 

Rab - \r9ab = M^\Tf,^ + Ti*') - KgAB)^ (2) 

dAi^gF^^) = 0. (3) 

The right hand side of the Einstein equation involves the energy momentum tensor which 
has a contribution from the (coherent) photon field 

Ti5 = FacFb'' - iFcoF'^^'gAB (4) 
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and from the incoherent fluctuations of radiation or matter T^^'' . Let us flrst investigate 
the "vacuum solutions" of the fleld equations where T^^-* is neglected. 
We flnd a class of exact special solutions with a line element 

ds'' = exp (^-^ j {-dt^ + a\t)dxdx} + exp (^^^ rl{dp^ + sin^ p dd^} (5) 

where 

The gauge field in tliis solution has only a no n- vanishing component in the 6'-direction ^, 

Tfl 

^ = — (l-cosp). (7) 

2e6 

Here x are cartesian comoving three-dimensional coordinates, ^ is a periodic angular 
variable Q < 9 < 2tt and p is in the interval < p < vr. The fleld equations (H)),© are 
obeyed provided H{t) = d{t)/a{t) (dots denote time derivatives) and (pit) obey 

dV 

(f) + 3H(j) + — = (9) 



with a potential 
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We recognize in cqs.©,© the well-known system of four- dimensional cosmological fleld 
equations for a homogeneous isotropic universe with a scalar fleld 0. For our ansatz (jSJ we 
have introduced a Weyl scaling factor multiplying the 4D metric in order to guarantee that 
the effective 4D Newton's constant SvrG = is independent of time. The appearance 
of (f) in exponential form is required if is normalized such that its kinetic term takes the 
standard form. [TH [T2] 

Besides the six- dimensional parameters Mg, Ag and eg our family of solutions contains 
several free integration constants: M and B as well as the "initial values" of (p and (p at 
t = are continuous integration constants, whereas m is integer. We will see that the 
integration constant B plays a particular role: we will flnd a family of realistic cosmologies 
where the effective four- dimensional cosmological constant A4 depends continuously on 
B. Therefore A4 appears as an integration constant of the solution rather than being a 
parameter which is calculable from the six- dimensional couplings. 

Before discussing the properties of V{(p) and the associated cosmological solutions, 
we should understand the geometrical properties of the ansatz. For flxed t and x the 
internal space spanned by p, 9 has singularities at p = 0, vr if i? 7^ 1. In this case it has 

^In a coordinate patch around p = tt, one should use Ag — ^(—1 — cos p). 
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an "American football shaped" geometry with conic singularities at p = 0, tt where the 
deficit angle is 

A = 2n{l- B). (11) 

One can interpret this geometry in terms of two branes sitting at p = and p = n. 
The brane tension can be directly inferred from the bulk geometry. With a procedure 
analogous to the one described in |T2], one finds that the energy momentum tensor 
of the brane has a ^-distribution like form with non-vanishing components only in the fi, v 
(4D) direction, 

The tension is given by 

p = - fdpde .Jg^^e (T(^^)? = 27r(l - B)MI (13) 

'J 

This is independent of and corresponds to the energy density of the brane per four- 
dimensional volume ^ which is therefore time-independent. However, we consider the 
brane tension here as a dynamical quantity, similar in spirit to the mass of a black hole 
in the four- dimensional world. In principle, the tension could change with time, although 
it does not for the special solutions considered here. Also similar to a black hole, the 
brane never needs to be considered explicitly: the singularities can be inferred from the 
bulk geometry by a type of "holographic principle" JH]- Only the six-dimensional field 
equations need to be solved. 

For the special case B = 1 the internal space becomes a sphere and no branes are 
present. The isometry group is now enhanced to S0(3). For this case the cosmologi- 
cal solutions of the 6D Einstein-Maxwell theory have been extensively discussed in |TT] . 
Actually, the local solutions with B ^ 1 can be mapped to the previously known local 
solutions for S = 1 by the variable change 9' = B6, accompanied by a rescaling Cg = -Beg. 
(Of course, the periodicity of 6' differs from 2tt ii B ^ 1.) By multiplying the gauge 
coupling in the formulae of ^Tj by a factor of B they can be taken over directly to the 
case of a football shaped geometry. 

The gauge field configuration corresponds to a "monopole" provided m is an in- 
teger. Indeed, once additional charged fields, e.g. fermions, are introduced, the six- 
dimensional gauge coupling eg (which has dimension mass~^) becomes an additional free 
parameter of the action. In addition to the overall mass scale, that we may take as Mg, 
our model is therefore characterized by two dimensionless quantities Ag/Mg and egM|. 
For the case 5 = 1 the monopole configuration is actually consistent with the spherical 
symmetry if rotations are accompanied by suitable gauge transformations (2j. 

^ Since the brane tension does not appear as an energy density in the effective 4D theory and is thus a 
manifestly six-dimensional quantity, the 4D volume is computed here with the 6D metric g^^, not with 
the effective 4D metric — g^v&'^^^ ■ Otherwise the tension would indeed depend on (j) and hence on 
time. 
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2.1 Inflationary Universe 



The character of the possible cosmological solutions depends on the shape of the potential 
V{(f)). We observe that V depends on the integration constant B which is associated with 
the deficit angle. In terms of the variable x = (M| / M^) exp{—(j)/M) and the dimensionless 
parameter combinations A = Xq/{4:hMq) and ft = 7rm^/(2egM|), the potential reads 

V{x) = AttM*{\x- Bx^ + jlx^). (14) 

For jl > and B^ > 3/2A it exhibits a maximum at 



^ma. = l^\l-\l-^\ (15) 



and a minimum at 





x„... = — l + \ 1-^ . (16) 



The maximum also exists for /i = at Xmax = A/2i?. At the maximum Vmax = V{xmax) 
is always positive and we find a solution with an exponential expansion of the scale factor 

a{t) = aoexp{Hmaxt), H^^^ = ^| (17) 

and time independent = (pmax- This solution is unstable, and solutions starting in 
the vicinity of (pmax may be associated with the inflationary universe yjj. However, the 
curvature of the potential around the maximum is of the order of the Hubble parameter, 

l^max o J2 Umaa: ^^maxi (1^) 




1 



2 - S-x. 



(19) 



max 



X 

such that a small deviation Sep = (p — (pmax grows rapidly on a time scale set by H~l^ 



90 



exp{-fHmaxt), (20) 



7^ + 37 - c = 0. (21) 

A sufficient number of e-foldings during inflation would require an extremely tiny 6(j)o. 
One concludes ^I] that the present model exhibits the de Sitter solution suitable for 
inflation but does not have the quantitative properties for inflation to last sufficiently 
long. 
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2.2 Late cosmology with cosmological constant 

The minimum exists only for m 7^ - the role of the magnetic field is precisely to lead to 
a stable "ground state" . Near (j)rnin the cosmology depends crucially on the value of the 
effective four-dimensional cosmological constant A4 = Vmin = V{xmin)- For A4 = we find 
a static ground state with four-dimensional Poincare invariance, i.e. (p = 4'min, H = 0. 
For very small X^/M^ an interesting cosmological solution starts with 0(to) near (pmax in 
an inflationary phase, with then moving towards (pmin and finally performing damped 
oscillations around the minimum. Adding the incoherent fluctuations of radiation and 
matter, this corresponds to a quite realistic cosmology ! 

For arbitrary values of the six- dimensional parameters Ag, Mg and eg and arbitrary 
m 7^ there exists always a suitable choice of B = B such that A4 = 0, 

There is therefore always a solution that approaches the Friedmann cosmology asymp- 
totically. Indeed, the cosmological solution can be described in this case by a transition 
from a de Sitter universe during the inflationary period to a flat ground state. For B = B 
and with y = Bx/{2X) the potential takes the simple form 

V - .(1 - yf. (23) 

This agrees with jTT] for i? = 1. Whereas the condition B = 1 amounts to a tuning of 
the six-dimensional parameters, we have now a whole family of solutions where B is an 
integration constant such that the flat space condition B = B can be obeyed for arbitrary 
values of the six-dimensional parameters. Furthermore there are also other solutions with 
B B that lead asymptotically to an expansion characterized by a nonzero cosmological 
constant A4. For the particular flne tuned choice B — B k, 10~^^° one would obtain a 
realistic cosmology with A4 = (2 x lO^^eV")^, except for the too short inflation (c = 9/2, 
7 = 3(v^-l)/2). 

2.3 Quintessence Cosmology 

Another type of "quintessence cosmology" arises if moves away from the inflationary 
solution near (pmax into the direction of large 0, i.e. > (pmax- Without radiation or 
matter the asymptotic behavior for large t would correspond in this case to 

H = 2t-\ = 2Mln^ ^. (24) 



In presence of radiation or matter, the same solution is approached. The fraction of 
homogeneous "dark energy" converges to 1, 
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already at early times (i.e. not much later than a possible entropy production at the end 
of inflation) and there would be no radiation or matter dominated era. At late times the 
energy density of the scalar fleld decreases according to 

v + \^'^ ^-^ (26) 
while matter and radiation decrease as 

pyn OC t~^, Pr OC , (27) 

respectively. The reason for this unwanted behavior is the precise form of the exponential 
factor in the dominant term of the potential for large 0, namely exp(— -^). For potentials 
proportional to exp(— ^) with < | exist attractor solutions where the dark energy 
density adapts to the incoherent part of the energy density and approaches 

VLh k'^n, (28) 

where n = 4 for radiation and n = 3 for matter domination. Coefficients k < ^ may be 
expected to be obtained for the corresponding scalar potential in suitable models with 
higher codimensions. 

Another problem of these "quintessence" solutions is that, as we will demonstrate in 
section 4, the present simple model would lead to a substantial time dependence of the 
couplings in the effective four-dimensional theory. This is a direct consequence of the 
fact that the action does not exhibit a dilatation symmetry. Nevertheless we mention the 
interesting feature that, independently of all six-dimensional parameters and the values 
of m or B, the asymptotic value of the dark energy density vanishes. The potential V{(j)) 
always approaches zero for — »• oo, and not some positive or negative constant. In this 
restricted sense our model solves both cosmological constant problems, i.e. the asymptotic 
vanishing of the energy density for t —>■ oo and the explanation of a tiny nonzero number 
V/M^. In our model the tiny number is simply a consequence of the huge age of the 
universe. Finally we note that the "quintessence" cosmology can also be obtained for 
m = 0, i.e. in the pure six- dimensional Einstein theory without a photon fleld. 

3 Radiation dominated universe 

Next we want to include radiation and matter into the speciflc cosmologies described 
above. We work in the context of "holographic branes" JH] where all particles correspond 
to modes with a normalizable tail in the bulk. Then the matter content is fully specifled 
in terms of the normalizable modes of the six-dimensional bulk geometry. Again no 
particular speciflcation of physics on the brane is needed since a type of "holographic 
principle" allows for an extrapolation of the bulk properties to the brane. We consider 
the incoherent fluctuations of two massless charged six- dimensional Weyl fermions \& with 
opposite abelian charges ±g and equal six- dimensional helicity^. Each of these fermion 

■^The existence of charged particles restricts the allowed nionopole numbers such that qm is an integer. 
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fields can be harmonically expanded, 

^{x,e,p) = J2tljUx)Cin{e,p), (29) 

where Qn are eigenf unctions of the internal Dirac operator and each mode ( can be split 
into a 9 and a p dependent part, 

Cin = e'^^'xinip). (30) 

After dimensional reduction the eigenvalues of the internal Dirac operator are seen in 
four dimensions as mass terms. For most modes the mass is huge of the order of the 
compactification scale Mc ~ r^^^ exp(— (/)/M). At low energies only the massless or very 
light modes are relevant. Unless the existence of light fermions is required by symmetry 
arguments, their appearance would be a pure coincidence and would require some fine- 
tuning of parameters. We therefore assume that the light 4D fermions are precisely the 
unpaired chiral modes in the above expansion. These modes are required to be massless 
in the case of unbroken symmetry by virtue of a nonvanishing chirality index ^3] . In the 
football shaped model unpaired chiral modes exist only for fermions that are charged with 
respect to the gauge field A For B = 1 they form an irreducible |gm| -dimensional 
representation of the larger isometry group SO (3), whereas for B ^ 1 the degeneracy may 
be broken. For the energy momentum tensor of these massless modes we expect a rela- 
tivistic equation of state. If the U(l)-symmetries are spontaneously broken, the fermions 
typically acquire masses of the order of the symmetry breaking scale. This would lead 
to a late time cosmology with nonrelativistic matter. We neglect spontaneous symmetry 
breaking here and stick to a radiation dominated universe. 

Since we are interested in possible late time cosmologies, we will assume the energy 
density of these fermions to be small as compared to the other variables which determine 
the structure of internal space: the 6D cosmological constant and the magnetic flux. The 
fermions can therefore be considered as a perturbation, with only a tiny backreaction on 
the shape of internal space. Furthermore we assume that the characteristic time scale 
of the cosmological dynamics is large as compared to M^^ . To a good approximation, 
the internal wave functions of the fermions will then be given by the zero modes of 
the internal Dirac operator on a static football shaped background with deficit angle A. 
Only the normalization constant Nin{t) may depend on time due to the possible time 
dependence of the volume of internal space. 

In the case of the football shaped model, the zero modes can be computed explicitly. 
The internal Dirac equation is 

zT''D^ap,9) = 0. (31) 

Here is the covariant derivative containing the spin connection and the gauge coupling, 
the index a runs over 6 and p. One gets 

Do = dg + ^iT3{l - B cos p) - ieeqAe, Dp = dp. (32) 

The two internal gamma matrices are defined by = e'^a^"', where e"a is the inverse 
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internal vielbein and and are the first and second Pauli matrices. This yields 



where is Dg with ra replaced by ±1. Consider first the spinor with charge +g. The 
solutions to eq.dnH) with ts eigenvalue +1 are 

/ And \ 

CLM = iV(t)(sinp)-i+^-^(''-('^+^))(l - cosp)^-^("+^^) y (34) 

where the requirement of normalizability |15t ITH] constrains n within the limits 

B+l B -I 
^ — < n < qm-\ — . (35) 

The solutions to eq. 1)311) with eigenvalue —1 are similar except for some sign changes. 
The normalization conditions require now 

5-1 B+l 
qm — < n < — - — . (36) 

If 5 < 1, only one of the two conditions ()35|) . ()36|) can be fulfilled, depending on the sign 
of m. For the spinor with charge —q the procedure is completely analogous. We observe 
that to each normalizable mode contained in the spinor with charge +q corresponds a 
normalizable mode in the spinor with charge —q with opposite sign of n and opposite rs 
eigenvalue. 

We have to compute the six-dimensional energy momentum tensor of these modes. 
Since they are massless, we expect a relativistic equation of state, p/p = 1/3, where p is 
the pressure in the effective four-dimensional world, and p is the corresponding effective 
energy density. The energy momentum tensor of the fermions is given by the expectation 
value ^ 

T^B = (^lt^l''DB^ +h.c.y (37) 

We assume that the different fermion modes do not mix and have arbitrary phases with 
respect to each other, so that all expectation values of the type (^ipjiljj'j, (^/jiipjj, (^pld^ipj^ 

and i^^id^ipj^ vanish for different modes, i 7^ j. (Here ipi corresponds to ipin in the expan- 
sion (j2ni)-) Then we can compute the energy momentum tensor for each mode separately. 
We therefore take \l/(x, ^,p) = ip{x)({6, p), where ( = e*"^x(p) is one particular zero 
mode. Furthermore we assume that with each mode also the corresponding antiparticle 
(with opposite four-dimensional handedness, opposite "winding number" n and opposite 
charge q with respect to gauge field) is excited with the same density, so that no net 
charges appear. For each particle contained in one of the six- dimensional Weyl spinors. 



"'Usually an energy momentum tensor contains also a piece L5g, where L is the Lagrangian density, 
but this vanishes here, since L = for solutions of the Dirac equation. 
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the antiparticle is contained in the other six-dimensional Weyl spinor. Every operator 
7"^Dyi is a tensor product (or a sum of tensor products) of an operator acting on the 4D 
part iIj{x) and an operator acting on the internal part C(P)^) of the fermions. We will 
refer to these as the 4D and the 2D part of the operator. In the absence of warping, a 
possible choice for the 6D gamma matrices is 

Here a tilde denotes the 4D part of an operator and F is the 4D 7^ matrix. The index a 
runs from 1 to 2. (In the presence of warping, the warp factor would have to be included 
into the definition of 7^^.) The covariant derivative contains only the 4D part = D^, 
i.e. the 2D part is just the identity. (This would not be true in the presence of warping.) 
On the other hand, Dq and Dp have only a 2D part apart from the factor F. 

We assume that the distribution of the fermions is homogeneous and isotropic in three- 
dimensional space. This forbids any components containing 3D spatial indices except for 
diagonal ones, t'^^. The effective 4D Dirac equation implies 

ij{x)rb^ij{x) = 0, (39) 

where a tilde again denotes a four- dimensional operator. From isotropy then follows (no 
summation over {€)) 

V^(x)7^*^^(i)V^(x) = -^V^(x)fA^(x). (40) 

In order to connect this to the 6D picture, we compute the 6D energy momentum tensor. 
For the diagonal (/i/i) components one obtains 

T^^\,) = I e<^/2^^ (^(x)7('^)^(,)^(x)) \x{p)?. (41) 

Combined with eq. pn|l this yields the relativistic equation of state p/ p = T^''\i) / {—T^ t) = 
1/3. Integrating out the internal dimensions, the effective 4D energy momentum tensor 
reads (with an appropriate normalization of x) 

T^'\,),eff = i{i'{xW'^D^^,)^{x)) . (42) 

This is precisely what one would expect for a massless fermion. 

All other components of the 6D energy momentum tensor are zero. Most terms vanish 
because il){x)Til){x) is zero for a chiral fermion. This term occurs in T^e-, pi T^q and p, 
since the 4D part of 7"-D/3 is just F. Therefore these components all vanish. It remains 
to be shown that the remaining off-diagonal components are also zero. We have 

T'p = (^ztf^pvl/ +/,.c.) = ^^^e'^/2*(V^7V)(xHx) +/^.c.) 

= ^1, e<^/2* {a-\t)ij^^){x^dpx) + h.c}j . (43) 
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It follows from the structure of the internal Dirac equation that x is a real function of p 
times a constant phase (in eg .(1341) this phase was chosen to be 1). Therefore T*p is purely 
imaginary and cancelled by the hermitian conjugate. Next 

= (^U + h.c.'^ = (44) 

because of chirality since the 4D part ipTDtip is zero. A similar argument implies T^t = 0. 
An interesting role is played by the t6 component, 

T'e = (^^^ WDe^ + h.c. 

e<^/2'^ a-i(t)(^V) X C\de + ^ir^{l -Bcosp) - te^qAeX + h.c.^ 
= _e^/2M a-\t)\xip)\\n ± 1(1 - Ecosp) - e.qAe) {^H) • (45) 

This is real and does not vanish automatically. A net charge would indeed lead to a 
nonvanishing T*6i. (Such a component would certainly, through Einstein's equations, 
force one of the off-diagonal metric components to become nonzero, since G^e would 
identically vanish for a diagonal metric.) However we assume here that for each particle 
the corresponding antiparticle is also present with equal density. This has opposite n, 
opposite Ts eigenvalue and opposite charge q with respect to the 6D gauge field. Its T^e 
component has therefore the same absolute value but the opposite sign, and the terms 
cancel in the total energy momentum tensor. 

The energy momentum tensor can now be inserted into the six-dimensional field equa- 
tion (j21). Besides the contribution from the massless fermions the (late time) energy mo- 
mentum T^^^ will also contain a similar relativistic contribution from the two massless 
four-dimensional gauge fields, the photons. One observes that the "internal equations" 
(for A, B internal indices) are not altered. This is reasonable since a change of the shape 
of internal space corresponds to the excitation of superheavy modes which should not be 
affected by a small expectation value of the fluctuations. The field equation Q for 
(corresponding here to a variable volume of internal space) receives no source term on the 
r.h.s. The only modification concerns the equation for the Hubble parameter H which 
receives an additional contribution from the energy density p = — T/. Averaging over 
internal space this replaces eq.(jHI) by the familiar equations 

H' = ^i^^' + Vi<t>)+P), p + 4p = 0. (46) 

For the late cosmology with cosmological constant the value of settles at the minimum 
of V, and therefore — 0, V{(j)) — * Vq = A. Hence we find a cosmology with radiation 
and a cosmological constant. 

We conclude that our scenario has many features required for a realistic cosmology. 
Starting with a short inflationary period (if initially is close to (pmax), internal space 
reaches a stable size and shape (if < (pmax), serving as a the ground state of the 
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model. The universe becomes radiation dominated and expands with the usual Friedmann 
behavior. 

We will see below how the cosmology with the inclusion of the energy momentum 
tensor for the massless modes can simply be described by an effective four- dimensional 
theory. We close the six-dimensional discussion with the remark that the massive modes 
contained in the six-dimensional fields can be included in a straightforward manner. For 
these modes the internal Dirac operator leads to a mixing of four-dimensional modes with 
opposite chirality and induces a mass of characteristic size r(^^ exp(— 0/M). For stable 
particles this mass dominates their contribution to the energy momentum tensor at late 
times. However, the massive particles are expected to decay early in the cosmological 
evolution and therefore play no role during the late cosmology of the radiation dominated 
era. 



4 Dimensional Reduction 

For late cosmology we can concentrate on the massless (or very light) modes. Then 
cosmology can be described within an effective four-dimensional framework. Indeed, in 
the zero mode ansatz, where all massive modes are neglected, the internal space may be 
integrated out. For the above system with relativistic fermions one obtains the effective 
four- dimensional Lagrangian 

L(^)= - + (47) 

i 

Here the 4D metric g^^ is defined in the Weyl scaled form of eq.©, with 6D line element 
ds^ = exp{—(l)/M)g^,^dx^dx'^ + .... It determines the 4D Ricci scalar R = R^'^^ and is used 
to lower indices. The scalar potential V{4>) is given by eq. (fTn|l . The gauge field A^^'^ is 
just the dimensionally reduced form of the 6D gauge field A^, while A^^^ arises from the 
internal U(l) symmetry and is proportional to the zero mode of the 6D metric components 
g^Q. The abelian field strength is defined as usual and the massless spinors ipj are 

covariantly coupled to the gauge fields according to their abelian charges We define 
the bare four-dimensional gauge couplings ei and 62 such that Zi{0) = ^2(0) = 1. The 
renormalized gauge couplings ei,2 obey then 

ei(2) - r- (48) 

'^1(2) 



We will find 

Zi = e-^/^, Z2 = e^'^l^ (49) 

and conclude that the renormalized gauge couplings depend on the value of the scalar 
field 0. In cosmologies where changes with time, one encounters a time variation of the 
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"fundamental constants" . In principle, this is a highly interesting effect which is genuine 
for quintessence cosmology fHl • In view of the severe restrictions from observation 
this variation must be very small, however. Of course, if settles to a fixed value for 
the "late cosmology with a cosmological constant" discussed above, the time variation 
of the gauge couplings becomes unobservable. Except for the possible time variation of 
the gauge couplings we find that the effective four- dimensional action ()47|) describes a 
standard four- dimensional theory for massless spinors, gauge fields and graviton plus a 
scalar "cosmon" field. 

We want to compute the dependence of Zi and Z2. Therefore we integrate the 
relevant terms in the 6D action. The 6D gauge field A^{x,p,6) can be harmonically 
expanded, 

A^{x,p,e) = J2A(^\x)Y(^"^\p,e), (50) 

where y^'*") are eigenf unctions of the internal Laplacian. In the special case of -B = 1, 
these are just the spherical harmonics. For the zero mode we write A^^\x) and omit the 
indices (/m). If needed for the purpose of a clear distinction we mark four-dimensional 
quantities by a tilde, e.g. gj^^J = e~'^^^^g^„. As mentioned before, the indices of four- 
dimensional fields are raised and lowered with g^'^ and g^^. The terms in the action 
containing A^^^ are 

Si = \j d^xdpd9{-gY'^ F.^F^^'' 

= \jd^x dp dO i-gy/^ e~*/^' r^B sinp 

= \J dH-gV^'e'^/''' fWf^'^^i) J dcosp de BrlY^ (51) 

and 

S2 = ij d^x dp de {-gY^^ ^Y{d^ - iqeeA^)-^ 
= ijd^x dp de {--gf/^ e-'^'^' rlB sin p 

X E Ci(p, ^)0(P, e) V^.(a:)7"^eX e^/^'' {d, - iqe,A^^^Y{p, e))^,{x). (52) 
j 

The proper normalization of the kinetic term of the fermions requires 

j dcosp de e-^/^^'^Brl C]0 = 1 (53) 

for each j. Since in 5*2 the (p dependence is absorbed by this normalization, Y has to be 
independent of (j) in order to lead to a 0-independent ei, 

Qfhi = e-'^/^^ Brlqee J dcosp de (^QY. (54) 
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The normalization Zi{0) = 1 yields 

dcospde BrlY^ = 1 (55) 

and the last line of eq. (f5T| implies eq. (j49|l . In consequence, the renormalized gauge 
coupling decreases with increasing 0, 

ei = (56) 

Next we consider the gauge field corresponding to the invariance of the metric under 
translations in 6. The Killing vector which generates the U(l) symmetry has only a 
non- vanishing 6 component, 

K'^ = const, Kg = const x sin^ p e^^^^ . (57) 

The gauge field A^^^ is defined by 

g^,e{x, p, e) = const x A^I^\x)Kg{t, p, 6) = CA'-^^x) sin^ p e^'^ (58) 

where the constant C is to be determined. The kinetic term for the second gauge field is 
contained in the six- dimensional Ricci scalar, 

Rgauge = ~g^^ 9'''' g^\df,g^g - d^g^g){dpg^g - d^gpg). (59) 

Integrating out the internal dimensions for the corresponding part of the zero mode action 
we get 

Mi /• 4 

S3 = — J d Xdp dd^f^ Rgauge 

= \ [ d^^.^gF'^^jF^''^^h^^'^~'C^^ r dpsm^p (60) 
A J ^ ^ B Jo 

and the normalization Z2{0) = 1 yields 

The coupling to fermions is given by the term 

Si = i j d^x dp de^^ 'l'7™e^D0^. (62) 

Taking = —d^g^^gg^ and making use of the normalization condition the integra- 
tion yields 

^4 = E / d'x^g i^^^Afi,, [riin + \)) (63) 



Qf = ±(^ + ^), (64) 



The charges are 

1 

where the plus is for left-handed and the minus for right-handed modes. Plugging in the 
expressions for tq and C, we find eq. ljl^ and the effective gauge coupling 

e. = 2V^§, e-^/*. (65) 
This completes our calculation of the effective 4D action. 
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5 Conclusions 



The six-dimensional Einstein-Maxwell theory can lead to an almost realistic cosmology. 
We have discussed solutions with a time-varying size of an "internal space" characterized 
by two branes and a "football-shaped" geometry. With a relativistic energy momentum 
tensor induced by the incoherent fluctuations of six-dimensional fermions, gauge fields 
and metric components we have shown how a Friedmann-Robertson- Walker cosmology 
arises at late time. The size of internal space plays the role of a four- dimensional scalar 
field (f) which is closely associated to dark energy, either in the form of a cosmological 
constant (0 < (pmax) or in the form of an exponential potential quintessence (0 > (pmax)- 

Apart from the many realistic features of our model there remain also considerable 
problems. The cosmological constant problem is solved for the quintessence solutions 
with (j) > (pmax in the sense that the ratio of the potential energy V over decreases 
asymptotically to zero for late time, independently of the values of the six-dimensional 
parameters or the choice of the integration constants of the solution. However, in this 
case the effective 4D gauge couphngs are time-dependent beyond the observational limits, 
and the matter density decreases too fast. The second problem is probably rather easy 
to solve and the transition to a realistic radiation dominated cosmology may be achieved 
in suitably modified higher dimensional models. This only requires a different value of k 
(or a different prefactor for the kinetic term for 0). Stabilizing the running of the gauge 
couplings is a challenge - it may be met in higher dimensional theories with anomalous 
dilatation symmetry and a fixed point behavior for the running couplings jlH] . 

For the solutions with < (pmax, the couplings approach constant values, but here the 
cosmological constant problem reappears in a somewhat different form. For the present 
solutions an integration constant needs to be tuned. One may ask if a dynamical adjust- 
ment mechanism could favor a small value of A4, similar to the mechanism of inflation 
which makes the 3D curvature small compared to the 4D curvature. Furthermore, the 
period of inflation is in both cases much too short - again, this may be different in other 
higher dimensional models as already demonstrated in |E1 ^j- And finally, the parti- 
cle spectrum (i.e. the spectrum of zero modes) is not rich enough to account for the 
complicated fermion spectrum that we observe. 

The present model may be rendered more realistic by suitable generalizations. The 
necessity of tuning an integration constant for the cosmological constant for < (pmax may 
be due to our limitation to only a very special kind of geometry, namely the "football 
shaped" one. A more general ansatz would start with an arbitrary geometry in the 
very early universe. It is an interesting speculation that in the much larger space of 
general solutions consistent with the symmetries (i.e. the U(l) isometry, gauge symmetry 
and invariance under four- dimensional diffeomorphisms) a solution with very small 4D 
cosmological constant is preferred for dynamical reasons, and is therefore approached for 
a large class of initial conditions. We will discuss this issue in a separate paper. 

A sufficient inflation may be induced by adding higher curvature terms ^2), which 
are very likely to be present as corrections in the effective action since they are generated 
by quantum fluctuations. These higher curvature terms may also be responsible for the 
compactification of internal space, instead of the gauge field. Such a stabilization mecha- 
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nism becomes important for branes with codimension higher than two, where the simple 
monopole configuration does not exist. 

A more reahstic fermion spectrum is obtained when one generahzes the monopole con- 
figuration of the ground state to a non-abelian gauge field. A gauge group S0(12) instead 
of U(l) leads to a remarkably realistic fermion spectrum with three generations of 
quarks and leptons with the appropriate quantum numbers. In this model one finds even 
most of the features required for the observed mass hierarchies and small mixings between 
the fermions. 

Many interesting speculations and discussions invoke unusual features of gravity which 
could be generated from higher dimensional physics and modify the late cosmology. We 
believe that it is timely to construct realistic higher dimensional cosmologies that lead to 
the more "standard" type of a late universe with radiation, matter and dark energy. This 
will establish benchmarks for judging the naturalness of the more drastic modifications. 
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